Abstract. In this paper, we establish a common fixed point theorem in complete fuzzy metric spaces which generalizes some results in [9] .
Introduction and preliminaries
The concept of fuzzy sets was introduced initially by Zadeh [16] in 1965. Since then, to use this concept in topology and analysis many authors have expansively developed the theory of fuzzy sets and application. George and Veeramani [5] and Kramosil and Michalek [8] have introduced the concept of fuzzy topological spaces induced by fuzzy metric which have very important applications in quantum particle physics particularly in connections with both string and (∞) theory which were given and studied by El Naschie [1, 2, 3, 4, 15] . Many authors [6, 10, 13] have proved fixed point theorem in fuzzy (probabilistic) metric spaces. Two typical examples of continuous t-norm are a * b = ab and a * b = min(a, b).
is called a fuzzy metric space if X is an arbitrary (non-empty) set, * is a continuous t-norm, and M is a fuzzy set on X 2 ×(0, ∞), satisfying the following conditions for each x, y, z ∈ X and t, s > 0,
whenever {x n } is a sequence in X such that for all t > 0 and x, y ∈ X. Define self-maps A and S on X as follows: . Then we have S1 = A1=2 and S2 = A2 = 1. Also SA1 = AS1 = 1 and SA2 = AS2 = 2. Thus (A, S) is weak compatible. Again,
.
Further,
Hence (A, S) is not compatible.
Compatible maps of type (γ)
In this section, we give the concept of compatible maps of type (γ) in fuzzy metric spaces and some properties of these maps. Definition 2.1. Let A and S be mappings from a fuzzy metric space (X, M, * ) into itself. Then the mappings are said to be compatible maps of type (γ) if satisfying:
(i) A and S are compatible, that is
(ii) they are continuous at x. On the other hand we have,
Definition 2.2. Let A and S be mappings from a fuzzy metric space (X, M, * ) into itself. The maps A and S are said to be weak compatible of type (γ) if
Clearly if self-mappings A and S of a fuzzy metric space (X, M, * ) are compatible of type (γ), then they are weak compatible of type (γ). But the converse is not true as seen in following example. for all t > 0 and x, y ∈ X. Define self-maps A and S on X as follows: ( Proof. (i) For every µ ∈ (0, 1), we can find a λ ∈ (0, 1) such that
by triangular inequality we have
Since δ > 0 is arbitrary, we have
(ii) Note that since M is continuous in its third place and
Hence, we have
Lemma 2.5. Let (X,M, * ) be a fuzzy metric space. If
for some k > 1 and for every n ∈ N. Then sequence {x n } is a Cauchy sequence.
Proof. For every λ ∈ (0, 1) and x n , x n+1 ∈ X, we have
By Lemma 2.4, for every µ ∈ (0, 1) there exists λ ∈ (0, 1) such that
Hence sequence {x n } is Cauchy sequence.
The main results
Lemma 3.1. Let P and Q be self-mappings of a complete fuzzy metric space (X, M, * ) satisfying:
for every x, y in X and t > 0, where 0 < p, q < 1, 0 ≤ a < 1 such that p + q − a = 1. Then P and Q have a unique common fixed point in X.
Proof. Let x 0 ∈ X be an arbitrary point, there exist x 1 ∈ X such that P x 0 = x 1 , Qx 1 = x 2 . Inductively, construct sequence {x n } in X such that x 2n+1 = P x 2n , x 2n+2 = Qx 2n+1 for n = 0, 1, 2, . . .. Now, we prove {x n } is a Cauchy sequence. For x = x 2n and y = x 2n+1 by (i) we have
and
Hence we have
Similarly, we also have
Hence by Lemma 2.5 {x n } is Cauchy and the completeness of X, {x n } converges to z in X. That is, lim n→∞ x n = z. Hence
Now, taking x = z and y = x 2n+1 in (i), we have
then, it follows that
for all t > 0, so P z = z. Taking x = x 2n and y = z in (i), we have
Therefore, z is a common fixed of P and Q. Uniqueness, let v be second common fixed point of P and Q. Then using inequality (i), we have
Thus, it follows that
for all t > 0, so z = v. Hence P and Q have unique common fixed point.
Hence by Lemma 2.5 {y n } is Cauchy and the completeness of X, {y n } converges to z in X. That is, lim n→∞ y n = z. Hence Since P, S are weak compatible of type (γ) we get P z = Sz. Now, taking x = z and y = x 2n+1 in (ii), we have for all t > 0 so P z = z. Therefore P z = Sz = z.
